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Abstract: This paper deals with solving a system of nonlinear equations by three well-known methods. The
numerical solution of 1 nonlinear equations in n variables using the methods of Newton’s, Broyden’s and
Brown'’s are discussed. Some modifications of Newton’s and Broyden’s methods are added to overcome some
difficulties. These three methods are compared both in analytical and numerical prospects. The implementa-
tions are compared by a set of problems. Numerical results are obtained by using FORTRAN programming,.
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Introduction

One of the fundamental problems of mathematics is that of solving equation of the form f{x)=0
where fis a real valued function of real variable. Any value x" satisfying the equation f{x)=0 is
called a root of the equation. Most equations that arise in physical and engineering problems are
nonlinear and are rarely of the form, which allows the root to be determined exactly. Conse-
quently, numerical techniques must be used to find them.

We consider the system of nonlinear equations of » variables of the form, F(x) = 0, where F is a

function from R” to R” and x e R”. The one-point iterative methods for the single equation
of one variable can be extended to a system of nonlinear equations. This paper deals with solving
nonlinear system of equations by three iterative methods namely Newton’s, Broyden’s and
Brown’s method.

Newton did not publish an extensive discussion of his method but he solved a cubic polynomial by
this method. Broyden introduced a variation of Newton’s method incorporating the secant method
known as Broyden’s method. Brown (1971) proposed a new method in 1969 like Newton’s. Later
this method is named Brown’s method. In this research work we compare these three methods
analytically as well as numerically to sort out which one is more efficient under certain conditions.
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Materials and Methods

The general form of a system of nonlinear equations is-
Sl X x,)=0

jpz XL XD geeunenn xn):0
2.1

where each function fl is a mapping from R” to R . The system of equations can alternatively be repre-
sented by a function F:R" -®R" in the form F(x)=0, where x= (xl,xz,....xn)’ eR" and

F(x) = (f;(X), f>(X)s...ee. £, (X)) . The functions f;, f5, .....f; are called the component functions of F.

The best-known method for solving the system of nonlinear equations is Newton’s method. Sometimes this
method is modified so as to improve its computational efficiency. Quasi-Newton method is one of the varia-
tions of Newton’s method. Browns method is much more similar to the Gaussian elimination method in n
dimensional linear system. To analyze the algorithms for solving F(x) = 0 the function F is assumed to have
the following properties:

a) F is continuously differentiable in an open convex set D. @)
b) There is an x" in D such that F(x")=0 and J(x") is nonsingular

%i(x)
8 X j
antees that X" is a locally unique solution to the equation F(x)=0. In addition to the conditions (A) some-
times we need a stronger requirement that J(x) satisfies the Lipschitz condition at x i.e. there is a constant K

such that

where J(x") denotes the Jacobian matrix evaluated at the point x* so that the conditions (A) guar-

)| <kfx-x] s xep ®)

Newton’s method: For solving n-dimensional system of nonlinear equations F(x)=0, where

X= (xl, XD gerneinnes xn)f , by Newton’s method, we have the iteration formula

Xpa =X —JiF(xg); k=0123...... 2.1.1

where x; denote the &-th approximation of the solution and J; denote the Jacobian of the system at the point x;
It can be shown that the sequence {x;} obtained from Newton’s method converge to the exact solution quad-
ratically.

If the Jacobian is relatively easy to obtain, Newton’s method is very attractive. Sometimes exact evaluation of par-
tial derivatives is inconvenient and in many applications may be impossible. In that case we may use finite differ-
ence approximations to the partial derivatives. The partial derivatives of a function of n-variables is given by

6]'(X)zf(x+ejhj)_f(x) 515

where X = (X, Xp,....... x,)', and A; is the j-th component of h = (hy, hs,........ h,), and ¢; is a vector in R" whose
only non zero component is a one in the j-th coordinate . Thus we can approximate Jacobian J (x) by
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= 213

J(X):{afi(x)} flx+esh;)- 1)

i,j

We use this Jacobian in Newton’s method and call this method, the finite difference Newton’s method. It should be
noted that h is some suitably chosen vector, which can be updated at each iteration.

Finally we note that Newton’s method and finite difference Newton’s method require the solution of a system
of liner equations and therefore O(x°) arithmetic operations per iteration. For some problem, the solution of
these linear systems is the most expansive part of the iteration. In these cases one should consider the Jaco-
bian matrix fixed for a given number of iterations since for each such iteration, this expanse would be re-
duced to O(n°).

Broyden’s method: We have seen that Newton’s method requires a Jacobian matrix to be solved at each it-
eration which requires n’ partial derivatives. The total computational efforts, in one iteration, for Newton’s
method is consequently at least n”+n scalar functional evaluations together with order of #® arithmetic opera-
tions to solve the linear system. This amount of computation is prohibited except for relatively small values
of n and easily evaluated scalar function. So we consider a generalization of secant method to system of
nonlinear equations. In particular this technique is known as Broyden’s method. Here we consider the Broy-
den’s method together with the modification done by Dennis and Moré (1974).

In Broyden’s method we assume that F : R” — R” satisfies the conditions (A). We want to get a good ap-
proximation of J(X;+1), where x;.; is the (k+1)-th approximation to the root. By using the secant method for-
mula for a function of several variables to approximate the Jacobian we get

F -F
T
+

221

From (2.2.1) it is clear that the degree of approximation of J(X;) increases as "xk —Xy +1|| decreases. We

do not know about the term x; - x;+; and the corresponding quotient since it is a vector. So we try to find the
matrix Ji+1=J(X;+) which satisfies the equation

F(xy )= Flxg )+ Jp (x5 = Xp1)- 222
Now let 8; = Xj 1 — X . Then the formula for finding J;+ from Jj is given by the equation
— TS I8}
Jin1 =Jk +—[y isilsi 223
(si-5¢)
Equation (2.2.3) is central to the development of the Quasi-Newton methods, and therefore it has often been
called the ‘Quasi-Newton equation’. In fact, it also plays a role in a second derivation of Broyden’s update.

Now we use the equation (2.2.3) to define the most basic form of Broyden’s method. This method is defined
by

Xpa1 =X, —JEF(x;);  k=0123.... 224

where the matrices J;, € L(R") are generated by

-J {

Jiw1=Js +w, k=0123..... 225
Sks>Sk

with  yg =F(xg,1)-F(x;), 226

and Sk :Xk+1*Xk‘ 227
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It is clear that for given x, and Jy, Broyden’s method can be carried out with n scalar function evaluations per
iteration. However, equations (2.2.4) and (2.2.5) indicate that the solution of the linear system J,s, = —F(x; )

is still required. To overcome this difficulty we consider a result which is due to Sherman and Morrison
(1949). Sherman and Morrison proposed that the inverse of Jacobian can be approximated by the formula

-1 -1
(Sk —Ji Yk)SZJk
i
StoJk Y

Jil =u ; provided <Sk,J1§lyk> #0. 22.8

Therefore, Broyden’s method can be implemented as xj,; =x; —J 1F(X k) where {I,;l} is generated by

(2.2.8). This form of Broyden’s method only requires » scalar function evaluation and O(n?) arithmetic opera-
tions per iteration. Dennis and Moré (1977) showed that this method converges superlinearly to the exact so-
lution.

Browns method: In this section we introduce another variation of Newton’s method suggested by Brown
(1971). This method is a variation of Newton’s method incorporating Gaussian elimination in such a way that
all the recent information is used at each step of the algorithm. Here the Jacobian matrix is reduced to the
lower triangular form using Gaussian elimination method. For solving the system of nonlinear equations F(x)
= 0 the function F is assumed to have the properties given by (A). Let x; be the k-th approximation of the so-
lution of F(x) = 0. In this method we approximate the forward triangularization of the full Jacobian matrix by
working with one row at a time, eliminating one variable for each row treated.

We now express the Brown’s method by writing it in terms of iteration function G = (GI,GZ, ........... Gn).
With an initial approximation X, we can find the next approximations by

Xpe1 = G(xz )3 k=0,1,23..... 23.1
The iteration function G, for Brown’s method is given by
i1
0Zp—it1/0%; ) .
G; (xl,xz, ........ xn)z xX; — ZHMJ(G] - X; )} —Enmitl  for j=123...n 232

1\ Ogn-in1/xi 0gn-i+1/0%;

where G; for i =1,2,3......n are the component functions of G, and

21 = fi(0, X x,)
22 = fo(x, XXy 1, by)

233

Zneivt = Foint (K15 X200 X3, D11, D420 y)

2y = fo(x1,02,b5.... b))
The b, for i=1, 2, .....n-1, are themselves functions of the x; and are obtained recursively by successive sub-
stitution in the system

1 0g,_ /0x;
bl = Xppe1 — Z [Mj(bj —xj) —Enm for m=ii+1,..n—1 234
=i+l agn—rn/axmﬂ O8n-m /axm+l

For the purpose of completeness, we define b; = x;.

Brown and Dennis (1971) showed jointly that the Brown’s method converges quadratically. They also
showed that this method required only (1*-31)/2 component function evaluation per iteration.
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Theoretical comparisons
In this section the methods that are discussed earlier will be compared from the different theoretical aspects.

Component versus vector function evaluation: In Brown’s method we have to evaluate f; (x), at each step, in
some applications which are almost as expensive as computing F(x). But Newton’s method is much more
attractive in the sense that we can directly deal with the Jacobian. In Broyden’s method functional evaluation
is much easier, since it involves matrix multiplication and addition. The number of function evaluations per
iteration of Broyden(1965), Brown(1971) and Newton(1985) method are n, (n*-3n)/2 and n* +n respectively.

Structured problem: 1t is easier to modify Newton’s method so that it can take into account any structure of
the problem. Suppose, for example, that J(x) is tri-diagonal. In this case Newton’s method can be modified so
that it only requires O(n) arithmetic operations for vector function evaluation per iteration(Curtis et al.
(1974)). Similar arguments can be constructed for Broyden’s method. On the other hand, in Brown’s method
we can modify the method for the same example that reduces the arithmetic operations to O(n?) per iteration.

Partially linear system: We found that Brown’s method is much more efficient than Newton’s method for
solving partially linear system. In some applications when the Newton’s method and Brown’s method fail to
converge to the analytic solution of the system, Brown’s method easily does the job. Powell (1970) pointed
out that if only fi(x) is nonlinear in the system, then Brown’s method and finite difference Newton’s method
with fixed / generate the same iterates.

Results
We present here some problems with numerical solutions obtained by the methods in support to
establish our hypothesis and analysis. Computer program evaluated results are discussed for each

problem. To calculate the error term we use the L, norm for the vector x € R” which is defined

by ||x|| = max |x,-|. Beside this we use h = (0.1, 0.1, 0.1)" to approximate the Jacobian in finite
®©1<i<n

difference Newton’s method. Though there is no hard rule for selecting initial approximation we
choose the value to ensure it lead us to the exact solutions.

Problem 1:
x12 —-xy—-1=0

(5 —2P +(x; =052 -1=0

Solution: We take the initial approximation (0.1, 0.1)". The iterative solutions are summarized in
the following tables.

Table 1. Solution by Newton’s method. Table 2. Solution by Broyden’s method.
No. of . _ No. of .
iteration k Solution x;’ "X k — Xk—1 "OO teration k Solution x;/ ||x & —Xp1 "OC
0 (0.1,0.2) 0 (0.1,0.2)
3 (1.06229,0.12897) 0.19139 D) 1.22206. -0.1385 0.59474
5 (1.0673,0.13909)  0.13718X 102 (122206, -0.1383) 0. |
5 (1.1104, 0.35267) 0.79267 X 10

7 (1.06734, 0.13923)  0.16618 X 10

10 (1.06735,0.13923)  0.10089 X 107 10 (106763, 0.14265) = 0.1515% 10"

16 (1.06735,0.13923)  0.29802 X 107
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In this particular problem Newton’s, Broyden’s and Brown’s methods give the iterative solution
correct up to 7 decimal places within 10, 16, and 8 iterations respectively. Brown method is more
efficient than the other two methods. If we chose the initial approximation (0.1, 0.1)' then the it-
eration obtained by Brown’s method converges to the other solution of the system
x =(1.546343,1391176f . But with this approximation Broyden’s method gives divergent result,
while Newton’s method takes a large number of iterations.

Table 3. Solution by Brown’s method.
Problem 2: oot Y
1 no. o Solution x; X —Xj_]
3x1 _ cos(x2x3)— —=0 iteration k k " "00
2 0 0.1,0.2)
xt —81(x; + 0.1 +sinx3 +1.06 =0 1 (1.19874,-0.77025)  0.10987X 10"
-1
—xix 107 -3 5 (1.06532,0.13339)  0.80515% 10
e 172 4+20x; == 0 8 (1.06734,0.13923)  0.78564 X 10

Solution: We take the initial approximation (0.1, 0.1, -0.1)". The iterative solutions are summa-
rized in the following tables.

Table 4. Solution by Newton’s method. Table 5. Solution by Broyden’s method.
No. of . ¢ _ No. of . p _
iteration k& Solution x, "Xk Xk-1 ||°° iteration k Solution x, "Xk k- ||°°
0 (0.1,0.1,-0.1) 0 (0.1,0.1,-0.1)
(0.49987, 0.1947 (0.49997, 0.8738  0.10729
1 : 0.42152 ’ > .
X 107, -0.52152) 2 X 102,-0.52317) X 10"
4 (0.5,-0.5032 0.12444 (0.5,0.1879 0.39341
X 10%,-0.52359) %X 10" 3 X 10%,-0.52359) X 10*
5 (0.5,-0.5809 0.77668 6 (0.5,0.5017 0.19292
X 10%-0.52359) % 10” X 10%,-0.52359) X 10°

This problem is one of the classical problems Table 6. Solution by Brown’s method.
used in the well-known text of Burden and

No. of

Faires (1985). We find that the Brown’s ... Solution x;’ Ixe =xiall,,
method gives different result other than New- 0 (0.1,0.1,-0.1)

ton’s and Broyden’s method with the initial 1 (0.49999, 002733, -0.52292) 042292
approximation (0.1, 0.1, -0.1)". The results N (0.5, 0.02673, -0.52293) 0.59578 X 10
obtained by Newton’s and Broyden’s method 3 (049999, 002673, 0.52293) 064938 X 10°

are same as found by Burden and Faires
(1985). Observing the error term we can find that in both cases the results are correct up to 6

decimal places. Actually for the Brown’s method we get [F(x)| <107, whereas |F(x)|  does not
converges to zero in Newton’s and Broyden’s method. This indicates that Brown’s method gives

more accurate result than the others while Newton’s and Broyden’s method may give misleading
results.

Table 7. Solution by Newton’s method.

Problem 3:
No. of Solution x;’ "Xk — X 1"
5 iteration k k “Hloo
X{ +x,-37=0 0 (0.5,0.5,0.5)
-2 —5-0 1 (21, 16.25, -34.25) 0.3475 X 10?
1742 - 5 (5.97135, 134335, -4.3147)  0.93123
xXp+xp+x3-3=0 9 (6.0, 1.0, -4.0) 0.47684 X 10
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Solution: We take the initial approximation (0.5,  Table 8. Solution by Broyden’s method.

0.5, 0.5)". The iterative solutions are summarized Ng of

o _
in the following tables. This problem is partially iteration Solution x; e = x-ll,
nonlinear since the system contains one linear 0 (0.1,0.1,-0.1)

. . . 2
equation. As Brown (1971) described his method, ! (261,6 ;?)1235 ‘13‘;-32759)2 0.3475X10
in this problem we have to arrange the system in 5 (1 0.8 5805’)- ) *0.36267
the order of linearity. Hence the linear equation is 0 (-5.75307,4.02139, (oo oo
placed right on the top of the system. Newton’s 4.33169) :
and Broyden’s method do not need this sort of 5 (6-56.3910??)4’ 226977, ) 24326 % 10"
arrangement. o (593113, 192177, (oo

7.00955) :

This problem is an interesting one as we observe
the numerical results taking the initial approxima- .
tion (0.5, 0.5, 0.5). Newton’s and Brown’s  Table9.Solution by Brown’s method.

method converge to the exact solution (6, 1, -4)° No.of

. .. ; . R . . on k Solution x;’ "Xk —Xj_] ||DO
with nine iterations, while Broyden’s method fails ~Iteration
to converge. In this problem Broyden’s method 0 (0.5,05,03) 5
. . .. 1 (21, 16.25, -34.25) 0.3475X'10
shows oscillatory behavior. This is due to the (5.97135, 134335, -
lacking of closeness of the 1% iteration to the ex- > 4.3147) 0.93123
act solution. Another very interesting part is that 9 (6.0, 1.0, -4.0) 0.47684 X 10°°

Newton’s and Brown’s method give same iteration. Powell (1970) pointed out that if only fj(x)

is nonlinear in the system, then Brown’s method and Newton’s method with fixed h generate the
same iterates. Though it is not the present case, still this problem shows that Brown’s method and
Newton’s method can generate same iterations.

Discussion

We have studied Newton’s, Broyden’s and Brown’s methods in this paper, as they are strong tools
to solve nonlinear equations. By solving some selected problems, in our findings, it is evident that
Brown’s method is more effective than the other two methods. Considering the number of func-
tional evaluation per iteration Broyden’s method requires less than the other two. On the other
hand Newton’s method can be fit to any structure of nonlinear system due to its simple working
rule. Broyden’s method gives less accurate results relative to the other two methods, but its com-
putational effort is amazingly much finer than that of other ones. In many cases, Broyden’s
method fails to obtain solution whereas Browns method assures to have convergent result (prob-
lem 3). The results show that sometimes Newton’s method and Brown’s method are equivalent,
considering the iterations. It is also found that the Brown’s method is more effective in the case of
partially linear system.

Conclusion

In this paper we use three iterative methods for solving nonlinear system, among which the
Brown’s method is used in its original form. In recent times few modifications for Brown’s
method have done by some authors. We have used some modification of Newton’s and Broyden’s
method in this paper. Finally we conclude that among these methods, Broyden’s method is very
useful in solving the unconstrained optimization problems, since this method approximates the
Jacobian at each step by explicit formula. Besides this, all three methods can be used to solve dif-
ferential equations of higher order.
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