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Abstract: Krylov-Bogoliubov-Mitropolskii (KBM) method has been extended for solving fourth order more
critically damped non-linear systems. For different damping forces, the solutions obtained by the present
method show good coincidence with numerical solutions. The method is illustrated by an example.
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Introduction

Krylov-Bogoliubov-Mitropolskii (KBM) method is a widely spread method to study non-linear
systems with small non-linearities. Sattar (1986) has found an asymptotic solution of a second
order critically damped nonlinear system. Sattar (1993) also studied third-order over-damped
systems. Alam (2002a) studied a third-order critically damped nonlinear system whose
unequal eigen-values are in integral multiple. Alam and Sattar (1996) have extended
Bogoliubov’s asymptotic method to a third order critically damped nonlinear systems. Alam and
Sattar (1997) also presented a unified method for obtaining approximate solutions of third order
damped, un-damped and over-damped systems. Alam (2002¢) has found a solution of third order
more critically damped systems. Akbar el al. (2003) has found an asymptotic solution of fourth
order damped oscillatory nonlinear system based on the work of extended Krylov-Bogoliubov-
Mitropolskii method. Akbar et al. (2005) also presented a simple technique for obtaining the over
damped solutions of an nth order nonlinear system.

Islam et al. (2006a) has found a new technique for third order critically damped non-linear
systems; Islam et al. (2006b) also found a new technique for fourth order critically
damped non-linear systems. In the present article we develop a method for solving fourth order
more critically damped nonlinear systems.

Materials and Methods

Consider a fourth order weakly nonlinear ordinary differential equation

x4k 8Bk, e kBt kyx = —& f(x, & K (1)
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(4)

to t; ky, ky, ks, ks are constants, & is a small parameter and f(x,&&8&is a given nonlinear

where x'"/ denote the fourth derivative of x, over dots denote first, second and third derivatives with respect

function. As the equation is of fourth order so it has four real negative eigen values, where
three of the eigen values are equal (for more critically damped) say —4,—A,—A,—u. Whene =0,

the equation becomes linear and the solution of the linear equation of (1) is
x(t,0) = (ag +by t+cot?)e ™ +dye ™ (2)
where a,, by, ¢, d are constants of integration.
When g # 0, following Shamsul (2002c¢) a solution of the equation (1) is sought in the form
x(t,e)=(a+bt+ ctz)e% "yde ™'+ cu;(a,b,c, d,)+A 3)
where a,b,c and d satisfy the first order differential equation

&) = ¢ A(a,b,c,d, ) +A
§(1):£Bl(a,b,c,d,t)+A (4)
&) =¢ Cy(a,b,c,d,t) + A
&) =& D (a,b,c,d 1) +A

We only consider first few terms in the series expansion of (3) and (4), we evaluate the functions
u; and4;,B;,,C;, D;, i=12,......... ,n such that a, b, ¢, d appearing in (3) and (4) satisfy the given
differential equation (1). In order to determine these unknown functions it is customary in KBM method that
the correction terms, u;, i =1,2,.....n must exclude terms (known as secular terms) which make them

large. Theoretically, the solution can be obtained up to the accuracy of any order of approximation. However,
owing to the rapidly growing algebraic complexity for the derivation of the formulae, the solution is in
general confined to a lower order, usually the first Murty (1971).

Now differentiating the equation (3) four times with respect to ¢, substituting the value of x and the
derivatives & &a&&x® in the original equation (1), utilizing the relations presented in (4) and finally
equating the coefficients of & , we obtain

2 2 2
e’“[a +/I—ﬂj{a A, (321+6C1+t[6 G, ac]]Hz 0 Cl}

'y 2 2 2
ot ot ot ot ot (5)

a0 : o (o 0)
+e 5-&-2—# D, + 5-#—2 a+y u, =—f"(a,b,c,d,t)

where fO(a,b,c,d,t) = f(x, &&®) and x, = (ag + byt + ¢y t2) e +dy e

Now we expand f © in the Taylor’s series of the form

0 0 0
O =3 Fylabe,dye 41y Fi(a,b,e,d)e w12 Fy(a,b,e,d)e T4 A
i,j=l1 i,j=1 i,j=1

+1" ZF" (a,b,c,d)ef(“"””)’ (6)

i,j=1
Thus we can write

2 2 2
e"“(g+y—ﬂ,j CREC I %+6C1+t OB 6% | 200
ot ot ot or* ot ar?
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3 3 0
+e“‘”[%+/1—,uj D, +(§+/1j [%4'/1)”1 = _{ZFo(a,b,C,d)e_(iMjmt

i,j=1

+tZF1 (a,b,c,d)e AT 4 42 ZF2 (a,b,c,d)e A+t +A} (7

i, j=1 i, j=1

We impose the condition that u#; can not contain the fundamental terms of f° (0), therefore (7) can be

separated into five equations for unknowns functions u;and A4;,B;,C; and D, (see also Sattar, 1986;
Alam and Sattar, 1996; Alam, 2001, 2002a).

e—/‘it i-’-,u—ﬁ, 62C1 :_iF (a b.c d)e—(il+j,u)t (8)
ot atz “~ 24,0, 0,
i © 0*B, oC, S (i) )t
e —+u-A +6— |=- > F/(a,b,c,d)e I 9
[at H atz 6[ igz:l 1( )
) o' 4, +3%+6C +e"”(£+/1— TD
a V! or2 ot ! ot o it
==Y Fy(a.b.e.d)e i (10)
i, j=1
o Y(o 2
o o _ .3 —(iA+juyt
and (at+lj (at+,uju1 =—t izlﬂ(a,b,c,d)e A (11)

Solving the equation (8), we get the value

— At i . .
C = 2; ze (a,b,c,d)e A1 (12)
67 g_;,_'u_ﬂ i,j=1
o\ ot

The solution of (11) is

u, —1]{,;3 2F3(a,b,c,d)e_(”+j”)t A } (13)

3
0 0 =l
—+A || =+ b

(at j (at a

Substituting the value of C} from (12) into equation (9), we obtain
i © )5231 -m(a j 0 S A+ ] )t
e — 4+ u—-A|——=-6e¢ —+u—-A|—I(Cy)- > F(a,b,c,d)e T (14)
(61 H o2 o H at( 1) i; 1 ( )

Substituting the value of C; from equation (12) into equation (14), we get the value of B, . Now substituting
the value of C; from (12) and B, from (14) into equation (10), we obtain
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2 3
eilt(g+y—/ija fl +ef’”(g+/1—,u) D,
ot ot ot (15)

@ OB _uf 0 . —(iA+)
B At 3 . at[ O _ _ (iA+] )t
3e (—6t+y lj 'y 6e (6t+ﬂ /1] G E Fy(a,b,c,d)e

i, j=1

Now we have only one equation (15) for obtaining the unknown functions A4; and D;. So we need to
impose some restrictions. In this paper, we have used the restriction that the term e AT palance with
—(i A+ju)t

A4, if i>j and the term e balance with D, if j >i. This restriction is important, since under

this restriction the coefficients of 4; and D; do not become large and also this restriction is useful in the

case of strongly more critically damping systems. The restriction is not used in previous paper (Akbar, 2003,
2005; Islam, 2006a,b; Sattar, 1986; Alam and Sattar, 1996; Alam 2001, 2002a, b, d, ¢, 2003).

Since a, b, ¢, d are proportional to small parameter, so they are slowly varying functions of time ¢ with the

period T and as a first approximation, we may consider them as constants. Thus the solutions of the equation
@) is

t
a=ag +5J.A1(a0,b0,co,d0,t) dt
0

t
b=b0+gIBl(a0,b0,c0,d0,t) dt (16)
0
t
c=cp +gIC](a0,b0,co,d0,t) dt
0
t
d=d, +€_[D1(a0,b0,co,d0,t) dt
0

Substitute the value of @, b, ¢, d and u, in the equation (3), we get the complete solution of (1).

Thus the determination of the first approximate solution is completed.

Example

As an example of the above procedure consider a fourth order weakly nonlinear system governed by the
ordinary differential equation

x4 ke 8B ko, e ey et kyx = —& x° (17)

Here, [ = ¥ Therefore,

f(o) =_{ 3p7340 L 3,20 o~ QA |3, 42 om0 4 43,30t
+t (3a2be_3/“ +6abd e ®HI L 3pg? e_(/“z")t)
+t2(3a b2t +3a% ce M +3d b2 e PHI L 6aced e 1 3cd? e7(1+2”)')
+b33e3H w6abe P e 13b et e 1 3act tt e 43bc? P e 4 P 18 e
16bcdtd e A 4302 g4t e‘*(u”’)t}

For equation (17), the equation (8)-(11) become respectively

e . B 62C1 B 3ab?e ™ 13q% ceH 4+ 3d b2 e P!
¢ a or? +6acd e PHI L 30g? o201

(18)

ot
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e ﬁw—z o’ B 65 =—{3a2be*3“+6abde*<“*ﬂ>’+3bd2e*<‘*2”>’} (19)
ot ot? ot
(0 3%4, 0B, e ’
—+u—-Aa +3—+6C, |[+e | =—+A-u| D
e (at H j[ o o 1 |te o H 1
:_{ase—am +302d e At L34 g2 oAt +d36—3l4t} (20)
and

3
0 - - -
[—-&-lj ( +ﬂj“1 {b S 6abet? e 432 ctt e 4 3act 1t e

ot 21
+3bc2 e 1 % e 1 6bedt} e P 132 d et 67(22+”)t}
The solution of the equation (18) is
C, =1 (abzefmt +a’ ceiut)+12 (db2 e L oaed ef(“”)t)+l3 cd? e 2H! (22)
3
where llz_%, I, == [3:7#
A% (u-32) 2A(A+ 1) 4% (u+ 1)
Putting the value of C; from the equation (22) in the equation (19), we obtain
B =m, (ab2 +a? c)e_“’ +m, (b2 d +2acd )e_(“”)' +mycd* e !
(23)

+my a’be* v msabd ey mbd? e

where m, = 9% R _ 9 9

= m, = ——————>»
a2u-32 " 2wy T 4w )
3 e =3 moo S
42 -3 A+’ © 4P (u+ )

To separate the equation (20) for determining unknown functions A4; and D, in this paper we impose a

restriction (the term e AT balance with A, if i>j and Dy if j>i). Under this restriction, we

obtain

2
ot

—6A(A+ p)m, (b2 d+2acd )e*““‘)’ + 64 (1 —3A)my a*be ! 24)
—6A(A+ m)ymsabd e *F —6 (u-32)1, (ab2 +a? c)e‘”’
+1241, (dbz +2acd) eI _ 373 3424 o (2T

3
et t[%+ A- yj Dy = —6u(A+u)mycd? e *20 —6 4(A+ p)mghd?* e *H0!

+ 6(2 + ,u)l3 cd? e M _34q2 oI _ g3 3ut (25)

The particular solutions of (24) and (25) respectively become
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4, :nl(ab2 +a2c)e7“’+n2 (bzd +2acd )ef(l“’)t
+ny a*be? ' +n abd e 4 p; (ab2 +a’ c)efut (26)

+ng (db2+2acd )e_(ﬂ+ﬂ)t+n7a3e_“’+n8a2d et

Dl=plca’2e_('””)’+pzba’2e_('1Jr”)’+;73,acl’2 e_(]””’)t+p4d36_2’” 27)
where n :_4L, nzz%, n, =_%,
82 (u—34) A+ 2) 813 (u—37)
I e -0
A )} > 8N (u-34) O A+ )t
1 - 3 b= 9
Ny =—— > =—F> = 5
T AR (u-32) ST 2wt )2 P
by = 9 3 I 1
SRS Y VRIS

The solution of the equation (21) for u, is

u :(rl r +7, 1* +r3t+r4)(b3+6abc)e_“[ +(r5 t4 + 7% 7 +7; 1? +r8t+r9)
x(b?c+ac?)e +(r10 ottt + 73 2 +r14t+r15)b02 e
+(r16 16 +17 £ + 718 ! + 79 r + 1y 2 + 1y t+ Ty )63 e (28)

+ 3 £ oar,t? + s L+ Fag )bca’ef(*‘+2 At

+{ry7 4 Fag I + Fyg 2+ Py b+ r31)cz d e (#2 A1
1
where 5, = Py =ni- 3 +i
843 (u—34) (u-34) 24

=T 6 - 9 +i
PN -3 Au-3a) 2

Ty =H4— 6 + 2 - o +£
U (w3 Au=3a)? AR (u-31) 28

r: -3 Tg =F5 X 4 +g
S8 (u-32) 6T (u-3) 2

V7 =71 X 12 — 18 +§
T (-3 Au-34) 2

U R ” S S R |
PO wedt a3 R A
e e 36 30 4s
PUUE T w3t au=34)° A (u-34) AB(u-31) 24

3 5 15
o =—"3," np =T X4~ Ry
84 (—32) (=31 24
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1y =1 X 20 - 30 +370
12 10 (#_32)2 /1(;1—3/1) ﬂ/2
e 90 e 7S
R B S Y NV
om0 iso  1so is0 225
WU ot A(u=32)° AR (-3 P(u-31) 24
o X{ 120 180 180 150
15 — 10 - -
(=32 Au-30" Pu-31° A (u-31)°
150 315
BT TS
2 (u—-32) 44
T =71 N7 =Hhe X4~ 6 -%—i
08 (u-32) 7NN T L3 22
0 e s
18 = "6 (30 Au-34) 2
oo s 10 150
R V3 S N A e
o Jose0  sa0 s 450 675
VUV L3t A3 AR (u-32)F Au-34) 22*
o X{ 720 1080 1080 900
21 — 16 - -
(1=32)°  A(u-30)" A (u-31)° 2 (u-32)
__ 675 945
A u-31) 22
o X{ 720 1080 1080 900
22 — 16 - -
(=30)° A(u-34)° A (u-30)* 2 (u-31)°
675 945 315
+ - +—
A -3 228 w-310) 2
7 -3 Tay =V {3+ 2 }
2 a0+’ HUBA T A+ )
U B S A
BUFN2 20+ A+’
Fog = Fyyd——+ o + 2 L0
CUENR 22 A0+ p)? (At p)
3 Tag = Fyq X 3+ 12
%=1\ 7 A+

o3
T 220+ )]

Fog = Iy X i+ 18 + 2
» =73 2G4 (At )
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s 240
CVUENB 20 A0+ (A+p)]
e 36 120 360
TN B 2Grw? AQ+p® A+w?

Substituting the values of 4, B, C,, D, from the equations (26), (23), (22) and (27) into equation (16), we
obtain

_ ”1("0 b +4; g )(l—e’“’) n, (bg dy +2ay ¢, d, )(1_6*(}~+ﬂ)f)
a=ay+é = + Lo

R agbo(lfefut)_'_ngtao by dy eWH")t_'_n5 (ao B +al ¢ )(17672}”) (29)
27 A+ p) 22

g (bg dy +2ay ¢ d, )(17 e7(1+”)t) n, ag(lfefut) ng aé d, (lfef(/l“’)t)
' G+ a0 T T G

m (a1 +a; CO)(I—e%t)Jr’"z (1 dy +20 ¢ dy J1—e ")

b=b, +5{

22 A+p
msc dz(l—efz’”) my alb (l—efz’“) msag by d (l—ef(“")’) 30
+ M % %0 4+ M4 4000 4 M54 b 4o (30)
2u 22 A+u)
mgby dg (1 —e_z‘”)
. 2

! 2vad g \1-e?) LB d, +2 do et gL g2 2ut
c=c0+g{1(a°b° +% CO)( ¢ )+ Z(bo 0 T2a G % )e Lhedie G1)

21 A+ p) 2u
d=dy+e P Codg e trat n Paby dg e Frat n P39 dg et n P4d3672ﬂt (32)
A+ (A+ ) A+ 2u

Therefore we obtain the first approximate solution of the equation (17) as
x(t,e)=(a+bt+ct?)e ' +de ! +éeuy(a,b,c, d,t) (33)

where a,b,c,d are given by the equations (29)-(32) and u; given by (28).

Results Table 1. Comparison between perturbation and numerical results when,
It is usual to compare the % =07 bo=00 ¢ =00 d,=01 and =011

perturbation solutions to the t X, . E% X, X, E,%

numerical solutions to test the 556556000 0.800000 0.00000 0.800000 0.800000 000000
accuracy of the approximate 05 0113114 0112129 0.01337 0.096097 0.096106 0.00936
solutions. With regard to such a 1.0 0.015841 0.015853 0.07569 0.012756 0.012762 0.04701
comparison  concerning  the 1.5 0002260 0002264 0.17667 0.001931 0.001933 0.10346
presented KBM method of this 2.0 0.000326 0.000327 0.30581 0.000334 0.000335 0.29850

3.0 0.000007 0.000007 0.00000 0.000013 0.000013 0.00000
paper, we refer to work of Murty 35 0000001 0.000001 0.00000 0.000003 0.000003 0.00000
et al. (1969). In the present 4.0 0.000000 0.000000 0.00000 0.000001 0.000001 0.00000
paper, we have compared the 435 0000000 0.000000 0.00000 0.000000 0.000000 0.00000

5.0 0.000000 0.000000 0.00000 0.000000 0.000000 _0.00000

X is computed by (33) using (i) 1 =4, 1=35;x, is computed by (33)

solutions obtained by (33) to

those obtained by fourth order i
Runge—Kutta method for using (i) 1 =45, x=3;: xl*and X, are corresponding numerical solutions.
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different values of A, pzas well Table 2. Comparison between perturbation and numerical results when,

. ... = = =0. =0. de=0.1.
as different set of 1initial ay =07, by =00, ¢ =00, dy =0.1and £=01

conditions. . X3 x; Es% X xZ E,%
First of all x(t,e)has been 0.0 0.800000 0.800000 0.00000 0.800000 0.800000 0.00000
. . 0.5 0.131562 0.131539 0.01748 0.238424 0.233795 1.9799
computed by (33) in which a, b, % (/26370 0026363 0.02655 0.083581 0.079757 4.7945
c, d are calculated by (29)-(32) 15 0.006720 0.006717 0.04466 0.035614 0.033047 77677
with initial conditions a, = 0.7, 2.0 0.002069 0.002067 0.09675 0.017576 0.016253 9.9858
2.5 0.000706 0.000706 0.00000 0.009923 0.008919 11.256
by =0.0, ¢4 =00, dy=0.1 for 30 0000252 0.000252 0.00000 0.005791 0.005177 11.860
different values of Aand g 35 0000092 0000092 0.00000 0.003457 0.003082 12.167
, 40 0.000034 0.000034 0.00000 0.002083 0.001855 12.291
()A=4, u=35 (i) 4.5 0.000012 0.000012 0.00000 0.001260 0.001122 12.299
A=45, u=3 (iii)i=4, =2 30 0000005 0.000005 0.00000 0.000763 0.000679 12371

(IV) 1= 2.8, U= 1 when X3 is computed by (33) using (iii) 1 =4, @ =2; X4 is computed by (33)

¢=0.1. The corresponding

numerical ~solution has been Table 3. Comparison between perturbation and numerical results when,
computed by  Runge-Kutta " g 5 _00, ¢, =01 dy=01and £=025.
method and percentage errors

. . * . . .
using (iv) 1 =28, = 1; x; and x, are corresponding numerical solutions.

are calculated. All the results t x| x| E% X, X5 E,%
are presented in Table 1 and 750 0900000 0.900000 0.00000 0.900000 0.900000 0.00000
Table 2. 0.5 0.129031 0.129070 0.03021 0.109273 0.109301 0.02561

1.0 0.019504 0.019531 0.13824 0.014978 0.014994 0.10670
Again x(t,&) has been computed 1.5 0.003066 0.003075 0.29268 0.002311 0.002316 0.21588
by (33) of the same cigen-val 2.0 0.000494 0.000496 0.40322 0.000396 0.000397 0.25188
Y gen-values 55 0.000081 0.000081 0.00000 0.000074 0.000074 0.00000
() A=4, u=35 (i) 3.0 0.00013 0.000013 0.00000 0.000015 0.000015 0.00000

_ —2 (i ] — _ 3.5 0.000002 0.000002 0.00000 0.000003 0.000003 0.00000
A=45, p=3 (i)A=4, n=2 4.0 0.000000 0.000000 0.00000 0.000001 0.000001 0.00000
(iv) 4=2.8, u=1 with another 4.5 0.000000 0.000000 0.00000 0.000000 0.000000 0.00000
5.0 0.000000 0.000000 0.00000 0.000000 0.000000 0.00000
x, is computed by (33) using ) A =4, 5 =3.5; x, is computed by (33) using

set of initial conditions a, = 0.8,

bO = 00, Cy = 0. 1, dO =0.1 (i) 1 =4.5, u=3; x; and x; are corresponding numerical solutions.
when =0.25. The

correspondin g numerical Table 4. Comparison between perturbation and numerical results when,

. = - = =0.]1 and £=0.25.
solutions are computed by % =08 b =00 ¢ =0.L do =0.1 and & =025

* *

Runge-Kutta method and are t X, X, E;% X, X, E, %
presented in Table 3 and Table 0.0 0.900000 0.900000 0.00000 0.899989 0.899989 0.00000
4. 0.5 0.148487 0.148479 0.00538 0.269633 0.265360  1.6102

1.0 0.030037 0.030032 0.01664 0.096000 0.092218 _ 4.1109
15 0.007526 0.007520 0.07978 0.040649 0.037885 _ 7.2957
2.0 0.002237 0.002232 022401 0.019822 0.017957 _ 10.385
25 0.000739 0.000737 027137 0.010642 0.009438 _ 12.756
When A =3y (ie.A:u=3:1)or 3.0 0000259 0000258 038759 0.006051 0.005295 14277

. 35 0.000093 0.000093 0.00000 0.003551 0.003083 _ 15.180
u=324  (ie.p:A=3:1) the 2570000034 0000034 0.00000 0.002119 0.001832 _ 15.665
solution (33) is broken-down. 45 0.000012 0.000012 0.00000 0.001275 0.001100  15.909
From Table 1 we see that when the ~ 3:0_0.000005 _0.000005 0.00000 0.000770 0.000664 _15.963

ratio of A and U is 0(1)’ the X3 is computed by (33) using (iii) 1 =4, u=2; X4 is computed by (33)

Discussion

errors are greater than the errors — using(iv) 1=2.8, u=1; x3and x,, are corresponding numerical solutions.
when the ratio of 4 and wis 1.5.

Again from Table 2, we see that, when the ratio of 4 and u is O(3) the errors are greater than the
error when the ratio of 4 and u is 2. Thus we see that when the ratio of the eigen-values A and
u lies between O(1) and O(3), the errors occur much smaller than 1%. When the ratio of the
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eigen-values 4 and g is O(1), the system undergoes strongly more critically damping. In this

case the errors are also smaller than 1%. Therefore the solution is also usable for strongly more
critically damping systems.

Conclusion

In the presence of different critically damping effect, a formula has been presented for obtaining
the solution of critically-damped non-linear systems governed by the fourth order ordinary
differential equation. We see that the solutions obtained by this method show good coincidence
with the corresponding numerical solutions. The solutions are also useful for strongly more
critically system.
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