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Abstract

Matrix factorization is the process that transforms a matrix into the product of some constituent matrices. This is
comparable to factoring a number into the product of several numbers. Matrix splitting methods are similar to
matrix factorization process which transforms a matrix into the sum of some basis matrices. In this short review
article, we address the different types of matrix factorization and matrix splitting methods as well as their
applications in the physical problems rather than exhibiting their computational procedure. Some matrix structural
facts are shown to exhibit the fundamental pattern of different matrix decompositions.

Keywords: Matrix decomposition, matrix factotization, matrix splitting, LU decomposition, QR decomposition,
singular value decomposition

Introduction

There are numerous matrix algorithms in linear algebra which are dependent on a variety of criteria to solve the
problem. In computer programming storage capacity is crucial issue to preserving the efficiency of computational
purposes. The amount of arithmetic operations required to complete the algorithm is also a key consideration
(Faragd 2001 & Gilbert 2016). The algorithm complexity of a matrix can be reduced by converting it into the
product or sum of upper triangular matrices, lower triangular matrices, diagonal matrices, permutation matrices,
symmetric matrices, or banded matrices. Most of these structured matrices are used for matrix factorization and
matrix splitting (Howard 2015; Hsu 2011).

Scientists and engineers have to handle a large system of linear equations when working on their physical
ground. For example, in the solution of finite difference method of a partial differential equation there may arise a
system of linear equations with large number of zeros and a banded structure matrix with non-zero entries. In a
steady-state concentration problem, when a system of reactors, reservoirs or any type of tank with chemical where
the concentration vary from each one tank to other may arise to a system of linear equations with large number of
entries (Ke 2018; Lei-Hong 2014; Morse 1993). Numerical solution of this large system of linear equations in
computational platform requires huge amount of memory. The naive Gaussian elimination method is not suitable to
handle this type of problem perfectly as it is prohibitively expensive (Piziak 1999). The matrix iterative solution
method is suitable for this large system of equations especially, for sparse system (Pedrag 2001; Varga 1960; Yifken
2021; Yuan 2018; Zbigniew 1998). The key purpose of this review work is to discuss to some matrix factorization
and matrix splitting methods in a one shed for better understanding and be able to distinguish among them as well
as in which domain of linear algebra they can be applied.

The paper is organized as follows: Introductory discussion is given in section 1. An overview of different
matrix decompositions based on the solving the system of linear equations is given section 2. The matrix
factorization methods based on eigenvalue and eigenvector are discussed in section 3. In section 4, various matrix
splitting strategies for solving matrix iterative systems are presented. In section 5, the discussion part discusses some
of the applications of matrix factorization and matrix splitting methods. Section 6 contains the conclusion.
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Decomposition based on solving the system of linear equations:
In this section, we describe the different matrix decomposition methods that are used to solving the system of linear
equation and to finding the inverse of the matrix (Gilbert 2017; Howard 2015).

QR Decomposition

QR and LU decompositions are the two extensively used factorization methods in linear algebra among many

others. The QR algorithm is credited to Francis and Kublanovskaya that was discovered independently in the late

1950s (Hsu 2011). The main idea of QR decomposition is to factoring a matrix A € R™™ of order MxN, as a
product of an orthogonal matrix and an invertible upper triangular matrix as

A=QR (1)
Where Q € R™"is an orthogonal matrix and R € R™"is an upper triangular matrix of order MXN. The general

form of QR decomposition can be written as

a, a4, - 4, Ou G - G
a:21 alzz a-Zn q‘z1 q.22 q‘Zn )

aml a'm2 t amn qml qu o qmn

An example of QR decomposition is

3 41 -0.8018 -0.0851 -0.5915||-3.7417 -5.6125 -5.0780
2 1 5|=|-0.5345 -0.3405 0.7735 0 5.8737 3.8307
1 7 6 -0.2673 0.9364 0.2275 0 0 4.6412

LU Decomposition (Crout’s method or triangularization method)

Alan Turing, an English mathematician, is credited for the LU decomposition. This mostly used factorization
method is applied to solve the system of linear equation and finding the inverse of a matrix as an alternative to the
Gauss-Jordan elimination method. The LU decomposition factorizes the coefficient matrix into a product of upper
and lower triangular matrices, namely,

A=LU S)
where A s a square matrix of order NXN, L is the lower triangular and U is the upper triangular matrix of order

NXN. The general form of LU decomposition can be expressed as

a; &, -, Uy,
Ay 3, ot Ay, _ U, @
ay, a, - A, 1

The key feature of LU decomposition is that all the diagonal entries of the upper triangular matrix of U are 1.

Another name of LU decomposition method is Crout’s method or triangularization method (Gilbert 2017,
Howard 2015; Hsu 2011).
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A typical example of LU decomposition is

3 41 1 0 0]/ 3 4 1
2 1 5|=|0.6667 -0.2941 1|0 5.6667 5.667
1 7 6 0.3333 1 0]/0 0 6

LDU Decomposition (Doolittile method)
In generally, the LU decomposition approach is not unique. For example, the Eq. (4) can be written as

0 0 0 0 O([1 u u
|21 / I1:L 0 12 1n
0|0 1 U,,
A=LU =1, /1, 1,71, 0. . : ©)
‘ ‘ 0 0 0 O 1
_Inl/Ill In2 “22 In2 “33 | "

Here, the diagonal entries are shifted from the left to the right factor, and all the diagonal entries in the lower
triangular matrix has been transformed in 1. The factorization (5) is known as LDU decomposition or Doolittle
method of the matrix A where L is a lower triangular matrix, in which all the diagonal entries are 1, Disa diagonal
matrix, and U is an upper triangular matrix in which also all the entries on the main diagonal are 1. An example of

LDU decomposition is

3 41 1 0 0]l3 0 0 1 00
2 1 5|=/0.3333 1 0]|0 5.6667 0 011
17 6 0.6667 1.1176 1|0 0 —7.4118(|0 0 O

PLU Decomposition
The presence of the LU decomposition of a matrix is not always assured. However, by introducing a permutation

matrix Q and conducting the row interchange before performing the LU decomposition, it is possible to factorize

the coefficient matrix A into the product of lower and upper triangular matrix. Multiplying the matrix Aby a

permutation matrix Q , the LU decomposition becomes

QA=LU

B . ©)
orA=Q LU =PLU, whereP=0Q

The process of factoring a matrix A in this way is called the PLU decomposition and a typical example is given by

3 41 1 00 1 0 013 0 0
2 1 5|={0 1 1/0.3333 1 0|0 5.6667 0
17 6 0 0 1]/0.6667 1.1176 1|0 0 —7.4118
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Choleski’s Decomposition
The Choleski decomposition was devised for simply real symmetric matrices. This factorization procedures splits

the matrix A into
A=LL 7

where L is the lower triangular matrix and L' is the transpose of L . The general form of Choleski’s decomposition
can be written as

ay, &, &,
Ay Ay Gy, ®)

anl an2 t a

A numerical example of Choleski decomposition is

o

111 11 1)1 0
1 2 3|=(0 1 2|11
1 36 0 0 1)1 2

[EEN

Decomposition based on eigenvalue and eigenvector
Factorization by Diagonalization or Eigenvalue Decomposition
Before going to the discussion of main topics in this section, we pose the diagonalization problem. Two matrices

A and B are said to be similar if
B=P'AP ©)

. . . . . -1 .
If the matrix B is in simple form, e.g. diagonal matrix D such that D = P""AP | then we can ascertain many
properties such as rank, nullity, determinant of A directly from the diagonal matrix D . For instance, if the diagonal

entries of D are eigenvalues, then the product of these eigenvalues will be the determinant of A (Gilbert 2016).

Theorem 1: If Ais an NxnN square matrix and if A has Nlinearly independent eigenvectors, then Ais

. . . -1 . . . . .
diagonalizable i.e. D = P AP where P is the invertible matrix whose columns are the eigenvectors of A.
From the theorem 1, it can be concluded that

A=PDP™ (10)

Thus the matrix A can be factored with the aid of eigenvectors and an example is given below:

1

111 —0.5438 -0.8165 0.1938 0.1270 O 0 -0.5438 -0.8165 0.1938 |
1 2 3|=| 0.7812 -0.4082 0.4722 0 1 0 0.7812 -0.4082 0.4722
1 3 6 —0.3065 0.4082 0.8599 0 0 7.8730| —-0.3065 0.4082 0.8599
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Factorizing by Orthogonal Diagonalization

In the earlier section, the matrix A was any square matrix and the columns of the matrix P were the eigenvectors.
There was no concern about the orthogonality criteria of those eigenvectors. But, if we consider any special class of

matrices e.g. the symmetric matrix then the column vectors of the matrix P will be orthogonal. Therefore, the
. -1 . .
matrix ~ Acan be factored as A=PDP “where the columns of Pare orthogonal. Since P is

orthogonal, P'=Pand consequently

A=PDP’ (11)

An example of this factorization is

111 —0.5438 -0.8165 0.19380.1270 O 0 ~0.5438 -0.8165 0.19387'
1 2 3|=| 0.7812 -0.4082 0.4722 0 1 0 0.7812 -0.4082 0.4722
1 3 6 —0.3065 0.4082 0.8599 0 0 7.8730| -0.3065 0.4082 0.8599

Spectral Decomposition
The spectral decomposition is an alternative form of orthogonal diagonalization. If A is symmetric matrix, then it

can be orthogonally diagonalizable by the column matrix P= [V1' Voo, Vn] , where Vi, V,,-++,V, are orthogonal

eigenvectors. The orthogonal diagonalization A =PDP’ can be written in an alternative form as ...............

T T
0|lv, A
0 A v,
T 2 2
A=PDP =[V1’V2"”’Vn] . =[21V1’ﬂ’2v2" ’ﬂ’nvn] :
T T
0 0 Vn Vn
Now multiplying, the matrix A reduces to
A=AV, +LV,V) +e-+ AV V] (12)

This linear factorization is called the spectral decomposition of the matrix A and an numerical example is

2 1 -0.8507 0.5257
=1.3820 [-0.8507 0.5257]+3.6180 [05257 -0.8507]
13 0.5257 -0.8507

Schur’s Decomposition

In section 3.2, the orthogonal decomposition was A = PDP' , where D is a diagonal matrix whose diagonal

entries are the eigenvalues of the matrix A . Issai Schur, a2 German mathematician (Howard 2015 & Hsu 2011),

proposed a matrix decomposition where the diagonal matrix D is replaced by an upper triangular matrix S like as
A= PSP’ (13)

where
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111 10.6978 -0.4767 2.6436
The Schur decomposition of the matrix |1 2 3 |is 0 2.7586  0.8857
1 3 6 0 0 —-3.4564

Hessenberg Decomposition
The Hessenberg decomposition

A=PHP' 14
is similar to the Schur’s decomposition where the upper triangular matrix S is replaced by the Hessenberg matrix

H of the following form:

(% % * % %
%
*
H=
k
*
111 3 -4.0249 -0.8944
The Hessenberg form of the matrix 1 2 3|is|-2.2361 6.8 -4.6
1 3 6 0 -6.6 0.2

Singular Value Decomposition

It is observed that all the decompositions based on the eigenvalues and eigenvectors discussed in the eatlier sections
resulted from either square matrix or especial type symmetric matrix; no rectangular matrix was considered for
decomposition. Singular value decomposition overcomes the barrier of decomposing a rectangular matrix of order
M XN . Herein, before going to the main topics, we first outline the most important definition; singular values of a

matrix.

Singular values of an IM X N matrix:
. . TA- . . . T . . .
Let Abe the matrix of order MX N, then the matrix A" Ais a symmetric matrix. Since A' A is symmetric matrix,

it is orthogonally diagonalizable. Let A, A,,..., 4, be the eigenvalues of the symmetric matrix ATA, then the

square root of eigenvalues

o, =[4,1<i<n

are called the singular values of the matrix A
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Suppose A be a square matrix of order MX Nand rank . Then the factorization
A=UZV' (15)
where U is an MX M matrix, V is an NxN orthogonal matrix and 2. is an MX N matrix where all the diagonal

entries are the singular values of the matrix A . The decomposition (15) is called the singular value decomposition

of matrix A . The general form of singular value decomposition can be expressed as

.
- SRV
6, 0 0 1
V2
0 o, - 0 okx(n—k) :
. . : :
A=UXV'=[u; u, - U |Uq, - U] R
0 0 o, .S
O(m—k)xk O(m—k)x(n—k) T
L IV |

An example of singular value decomposition is

1 2 -0.2298 0.8835 0.4082 || 9.5255 0
3 4|=|-05247 0.2408 -0.8165 0 0.5143
5 6

{—0.6196 —0.7849]
~0.8196 -0.4019 0.4082 0 0

—0.7849 0.6196

Reduced Singular Value Decomposition

In singular value decomposition, it is notable that the matrix 2. contains a few numbers of zero rows and zero
columns which is superfluous and does not carry any information. These extra rows and columns can be removed
by block multiplication from the expression and finally zero blocks drop out, just keeping the mathematical
expression as

o 0 - oV
0 0|V

A=[u, u, - ull . 2 " (17)
0 0 - oV

The reduced singular value decomposition of the above matrix is

1
3 4 —0.2298 0.8835 0.4082 || 9.5255 0 ~0.6196 —0.78497
5 7| -0.5247 0.2408 -0.8165 0 0.5143 || -0.7849 0.6196

The factorization (17) is called the reduced singular value decomposition which is used for dimension reduction in
multivariate data analysis.

Matrix Splitting

In this section, we give a brief idea of matrix splitting procedures. Different matrix iteration solution methods e.g.,
Jacobi iteration method, Gauss-Seidel iteration method, successive over relaxation method will not discuss hetein as
all of these methods ate available in the most text books (Gilbert 2016; Howard 2015; Hsu 2011). Here, we only
discuss the basic principle of matrix splitting methods. Moreover, where and how matrix splitting methods can be
applied in the iteration solution of system of equations will be outlined (Gilbert 2016; Howard 2015) & (Zbigniew
1998, 2001).
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Suppose, we have given a system of linear equations

Ax =k (18)
where A€ R™is real non-singular square matrix and k € R"is a column vector. The key idea of the matrix

splitting methods is to divide the matrix A into two or more parts like as
A=M—-N 19)

where M and N matrices are in simpler formation.

Regular Splitting
The matrix M is a non-singular matrix with a simple structure such as diagonal or upper triangular or lower

triangular matrix and so on. If the matrix M is so, then the solution of the system of equations can be written as

AX=Mx—Nx=Kk or Mx = Nx +k (20)

0 n . . -
Now suppose X € R" | therefore the iteration algorithm process becomes

Mx(m+1) — Nx(m) + k’ m= 0,1, 2, v e
Equivalently,
x™Y = (MIN)x™ +M*k, m=0,1,2,... -

If the matrix A has a regular splitting, then the matrix M N has non-negative entries (Howard 2015). The Eq.

(22), shows that at every stage of the iteration, the system of linear equations are being solved with matrix M . We
outline the regular splitting method providing a concrete example in below:
Example 1: Suppose the system of equations is given by

6X+2y+2=8;, 2x+4y+22=6;, 3x+2y+52=4
The matrix form of this system is

6 2 1| x 8

2 4 2| y|=|6

3 2 5|z 4

For the regular splitting case, choose

6 0 0 0 -2 -1
M=/0 4 0|,N=|-2 0 -2
0 0 5 -3 -2 0
The iterated solution will be
1/6 O 0 0o -2 -1 1/6 O 0
x™=| 0 1/4 0 ||2 0 —2[x"+| 0 1/4 0 ||6]: m=012,... @3
0 0 1/5||-3 -2 O 0 0 1/5
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Jacobi Iteration Method
The Jacobi iteration method splits the coefficient matrix A of a linear system of equations into the summation of a

lower triangular matrix L | an upper triangular matrix U and a diagonal matrix D in the following way,

(L+D+U)x=k (24)

This splitting form is expressed in an iteration form X" =Cx" +d by the following way

Dx=(-L-U)x+b

orx=D"(-L-U)x+D™"b @)
which implies that
X"t =Cx"+d; m=0,1,2,... (26)
Now consider the example 1, the Jacobi iteration method splits the coefficient matrix A as
0 00 0 21 6 00
L=/2 0 0[,Uu=/0 0 2|and D=|0 4 O
3 20 0 0O 0 0 5
and the final iteration form goes to
1/6 0 O 0O 0 0] |0 21 /6 0 0 ||8
xX™=|0 14 0 [[|-2 0 0|-|0 O 2||x"+| O 1/4 0 [.|6|; m=0,12,...
0 0 1/5|\{|-83 -2 0| |0 O O 0 0 1/5||4

Gauss-Seidel Iteration Method
The Gauss-Seidel iteration method follows the same splitting procedure of Jacobi iteration method but differs only

forming the final iteration step X" =Cx™ +d as the following way [5]:

(D+L)x=-Ux+b
x=(D+L)*'(-U)x+(D+L)"b @7)
X"t =Cx"+d; m=0,12,...

and the final step of iteration of example 1 goes to

1/6 0 0 0 2 1 1/6 0 0 |8
X" =-1/12 1/4 0 [|-2 0 2|x"+|-1/12 1/4 0 [|6]; m=0,12,...
-1/15 -1/10 1/5||-3 -2 O -1/15 -1/10 1/5||4
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Successive Over Relaxation Method
The successive over relaxation method also follows the same splitting principle of Gauss-Seidel method with an
extra constant number @ , which is called relaxation parameter and the splitting equation becomes (Hsu, 2011)

(D + L)X = —aUX + wk (28)
Now adding both sides of Eq. (28) by (- @)DxX, we get
(D-wL)x=(1-®)D-aU)x+ wk

Solving this for X, we obtain
X=(D-owL)(1-w)D+aU)x+ao(D-wl) "k (29)

Tablel. Efficiency comparison of different decomposition method

Cost efficiency of matrix A of order NX N, when Nis very large

Algorithm Cost in Flops

Gauss-Jordan elimination method - (2 / 3)n3

QR decomposition method ~n’

LU decomposition method ~ (2 / 3)[‘]3

LDU decomposition method ~Nn 2
Discussion

Matrix factorization and splitting methods decomposes a complex form matrix into simpler constituent parts. In
computer, to implement any matrix algorithm efficiently decomposition or splitting is essential. In this section, we

outline some applications of QR, LU, LDU, PLU and Choleski’s factorization method (Gilbert 2016; Howard

2015). Particularly all of these methods are applied to solve the system of linear equations. The naive Gaussian
elimination method is suitable for small size of matrix but not appropriate if the system of equation is very large i.e.
the coefficient matrix is very bulky. In any computational software packages, many simple algorithm arise
computation complexities and the number of arithmetic operations and round of error increases in an exponential
order. The factorization of a matrix into the lower triangular or upper triangular or diagonal form reduces the
number of operations notably. The cost efficiency of the large system of equations by using different algorithms is

given in the Table 1. Also in Table 2, the factorizations based on the solving system of linear equations are shown
(Gilbert 2016; Howard 2015).

Table 2. Factorization based on the solving of system of linear equations

Factorization Applicable to Characteristics

A=QR M X N matrix A Qisan orthogonal matrix of order MXM

R isan upper triangular mattix of order M XN
A=LU Square matrix A L is a lower triangular matrix

U isan upper triangular matrix with 1’s on the diagonal
A=LDU Square matrix A L is a lower triangular matrix with 1’s on the diagonal

Disa diagonal matrix

U isan upper triangular matrix with 1’s on the diagonal

= ; -1 . . .
A=PLU Square matrix A P= Q , where Q is an permutation matrix
L is a lower triangular matrix
U isan upper triangular matrix with 1’s on the diagonal
Cholesky’s Symmetric matrix A L is a lower triangular matrix
A=LL

T. . .
L' is the transpose of the lower triangular matrix L
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Table 3. Factorization based on eigenvalues and eigenvectors

Decomposition Applicable to Characteristics
Eigen decomposition Square matrix A P is a matrix whose column vectors are eigenvectors of
A=PDP* A

Dis a diagonal matrix whose diagonal entries are
cigenvalues of A

Orthogonal decomposition Symmetric matrix A Pis a matrix whose column vectors are orthogonal

T
A=PDP eigenvectors of A
Dis a diagonal matrix whose diagonal entries are

eigenvalues of A
Spectral decomposition

T T
A=AV, +--+A V.V,

Symmetric matrix A /1i are the eigenvalues of A

. T
V; are the cigenvectors of A and V; are the transpose of

V.

Schur decomposition Ais not symmetric but squate P is a matrix whose column vectors are eigenvectors of

A=PS pT and has real eigenvalues A

S is the upper triangular matrix which is in Schur form

and eigenvalues of A along the main diagonal

Hessenberg decomposition A is not symmetric but square P is the matrix same as Schur decomposition
T
A=PHP H is the triangular matrix of Hessenberg form
Singular value decomposition : . .
gul T p A'is of order MxN 3 need not U = [Ul, U ] is an orthonormal basis of the
A=U22V to be square or symmetric

column space A
Z is a diagonal matrix whose non-zero diagonal entries
are singular values of A

V= [Vl, -V, ] orthogonally diagonalizes ATA

Factorization based on eigenvectors also plays an important role in the application of identifying different conics,
and optimization by using quadratic forms. Now a day in the technological environment, efficient transmission and
data storage of massive amounts of digital information has become a serious issue. For example, a black-and-white
image could be scanned and it preserves the data as a rectangular array of pixels (points) which is saved as matrix A
by giving a numerical value to each pixel based on its gray level. A lot of extra information may be added to process
this. The reduced singular value decompositions can be used to compress this visual data in order to reduce storage
space requirements and speed up electron transmission. The decompositions based on eigenvalues and cigenvectors
are given in Table 3.

Matrix iteration methods, Jacobi, Gauss-Seidel, and successive over relaxation methods are used when the
system of equations is particularly large and sensitive in the coefficient matrix (Gilbert 2016; Howard 2015). All of
these methods divide the coefficient matrix into diagonal, lower diagonal, and upper diagonal matrices that are
carefully chosen. Table 4 shows the techniques for splitting.
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Table 4. Matrix splitting for iteration solution

Regular A=M-N XM = (MN)x™ +M 'k, m=0,1,2,...

splitting

Jacobi splitting  A=L+ D +U X" =D (-L-U)Xx"+D"; m=0,1,2,...
Gaus-Seidel A=L+D+U X" =(D+L)(-U)x"+(D+L)"b; m=0,1,2,...
Successive A=L+D+U Xx=(D-wL)*((1-®)D+oU)x+a(D-wl) "k

over relaxation a)(D + L)X = —aUX + ok

Conclusion

The theoretical utility of matrix decomposition has long been recognized, and it has become the backbone of
numerical linear algebra. Matrix decompositions, matrix splitting, and the canonical forms are the most important
ideas in matrices theory. All of these converted forms of original matrix simplify the computing platform, allowing a
wide range of problems to be solved, including systems of linear equations, dimension reduction, and noise
removing form digital image among others. This short overview article explains the logic behind matrix
decompositions and matrix splitting methods. The applications of these matrix transformations as well as their
characterizations are also outlined shortly in tables.
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